Abstract. Let X be a linear space over the field K of real or complex numbers. We characterize solutions / : X -> K and M : K -> K of the equation
Introduction
Let N, R and C denote the sets of positive integers, reals and complex numbers, respectively, and let X be a linear space over a field K. The following two classical functional equations, the exponential one and the Gol^b-Schinzel equation (for / : X -• K) seem to be of a quite different nature. However, it is easilyseen that the both equations are particular cases of the following general equation (1) and (2) . Equation (1) is very well known; for results and further references see e.g. the monograph [1, pp. 25-33, 52-57] . Equation (2) has been first studied by S. Gol^b and A. Schinzel in [8] . For further information on (2) we refer to a survey paper [6] . DEFINITION 
1.
A point x £ B C X, B / 0, is said to be an algebraically interior point (a.i.p.) of B provided, for each y £ X, there is a c G M, c > 0, such that x + ay £ B for a £ K, |a| < c.
In the whole paper, for / : X -> K, we shall use the notations:
A := f~\{ 1}), := /(X) \ {0}, F := {x E X : f(x) ± 0}.
Preliminary lemmas
First we recall some lemmas which will be useful in the sequel. (ii) if f(X) <f. R, then there exists a C-linear functional g : X -> C such that f {x) = g(x) + 1 for x G X. = f(z) for z E X. Consequently, for every x,z G X,
what ends the proof.
• 
Since A is a linear subspace of X over Ko, z\
Next, by (8) ,
and hence
Consequently, since XQ A and A = AQ is a linear subspace of X,
what completes the proof. •
An algebraically interior point in F
Here we will prove a theorem generalizing Theorem 1 in [11] and Theorem 3 in [5] .
To prove the main result we need two lemmas. (/(*))» = /(*( l + ^(M(/(x))) fe )), fc=i and hence, for each x E X with M(f(x)) / 1, (11) By Lemma 2 (iv) we know that 0 G A, whence /(0) = 1. Thus, in view of (9), (11) Since M(f(y)) k = 1 for some k > 3 and M(f(x)) = 1, by Lemma 2 (ii), f(x)f(y) / 0. Hence, according to Lemma 2 (vii), we obtain that (12) x -M(f(y))x € A.
Now we prove by mathematical induction that (13)
x -M(f(y)) n x e A for each n G {1,2,..., k -1}. For n = 1 (13) coincides with (12) . Assume that Now, in view of (12) and Lemma 2 (iv),
This ends the proof of condition (13). By (13) and Lemma 2 (iv) we obtain 
Proof. Suppose that / and M satisfy equation (3) and XQ is an a.i.p. of F. Now, by Lemma 4, there exists an XQ G X such that
We show that (16) implies XQ 0 AQ. Otherwise, by linearity of AQ and condition (16), F C Ao and hence we would obtain that 0 is an a.i.p. of AQ. Consequently (by linearity of AQ once again) X = AO, which leads to a contradiction. Thus XQ ^ AQ. Moreover, since 0 is an a.i.p. of F, there exists a Co > 0 such that axo € F for a G C, |o| < CQ. Thus, in view of (16), for each a G C, |a| < CQ, there exists a W EW fulfilling condition (o -M(W) + l)xo G AQ. Since AQ is a linear space and XQ AQ, we obtain a -M(w) + 1 = 0. In this way we have proved that and i n view of (3) we have that the function Mo/:I-»C satisfies (2) and, by Lemma 2 (ii), {x G X : (M o f)(x) ± 0} = F. Thus, according to Lemma 1, if M(f(X)) C R, then there exists an R-linear functional On the other hand, in view of (3) and Lemma 2 (ii), M(f(x+M(f(x))y)) ^ 0 for x,y € F and hence
M(f(x + M(f(x))y)) = M(l)(g(x + M(f(x))y) + 1)

= M(l)foOr) + g(M(f(x))y) + 1) = M( 1) ( ff (x) + 1 + Zjfffi-g(M(l)y)) = M(l)(g(x) + l)(g(M(l)y) + l).
Now, from (3), we obtain g(y) = g{M{\)y) for each y € F. Thus 
Bounded solutions
In this section we characterize solutions of (3) under assumption that / is bounded on a set having an a.i.p.
Let arg z G [-7r,7r) be an argument of 2 G C \ {0}. First we prove a lemma on multiplicative functions. Hence, in the case K = R, there is an m € R with g x {&) = rna and, in the case K = C, g x (a) = rri\a + m,20t for some mi,m2 € C (see [12, pp. 121, 132] ). Consequently, for every x € X \ {0}, g x is R-homogenous and so does g, as claimed in (b).
Next we prove that if one of conditions (iii), (iv) holds, then H is continuous on its domain except of 0. To this end define the field L as follows: is a discontinuous additive function.
